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PREFACE 
A t  t h e  p r e s e n t  time t h e r e  is a need f o r  expanding t r a f f i c  c o n t r o l  
and nav iga t ion  f a c i l i t i e s ,  p a r t i c u l a r l y  f o r  s h i p s  and transoceanic air-  
c r a f t .  Moreover, increased growth of t ransoceanic  travel and increased 
speeds w i l l  campound the  problem a n d  r e q u i r e  g r e a t l y  increased ccinmuni- 
c a t i o n  c a p a b i l i t y .  It seems almost c e r t a i n  t h a t  satell i tes w i l l  have 
a d e f i n i t e  r o l e  in f u t u r e  communication, t r a f f i c  c o n t r o l  and coordina- 
t ion.  This Memorandum concerns an i n v e s t i g a t i o n  of a method f o r  obtain-  
ing a nav iga t ion  c a p a b i l i t y  as a secondary o r  bonus f e a t u r e  t o  a communi- 
c a t i o n  satel l i te  system. 
So f a r  as the authors  are aware, t h e  use of range and range-rate  
d a t a  i n  combination r ep resen t s  a d i f f e r e n t  approach t o  t h e  communica- 
t i o n ,  c o n t r o l  and nav iga t ion  problem and has c e r t a i n  novel and a t t rac t ive  
f e a t u r e s  which w a r r a n t  i nves t iga t ion .  The r e s u l t s  of t h i s  preliminary 
work should prove use fu l  t o  o t h e r s  who may wish t o  extend t h e  s t u d i e s  
f u r t h e r ,  i f  low-al t i tude (< 4000 n m i )  communications satell i tes 
prove d e s i r a b l e .  
Th i s  Memorandum was  prepared under t h e  Communications S a t e l l i t e  
Technology contract with the  National Aeronautics and Space A d m i n i s -  
tration. It was undertaken a t  t h e  informal r eques t  of M r .  Greg Andrus, 
Advanced Technology Manager of t h e  Communications and Navigation Pro- 
grams Division. 
V 
The primary motivation f o r  t h i s  study was the b e l i e f  t h a t  a navi- 
g a t i o n  c a p a b i l i t y  should be developed as a secondary o r  bonus f e a t u r e  
t o  a communication s a L e i i i i e  s y s i e ~  s l i i L r  prlezr;. nccZ fer cn- 
o r d i n a t i o n ,  c o n t r o l  and communication. With t h i s  o b j e c t i v e  i n  mind, 
t h i s  Memorandum i s  concerned wi th  the technology involved i n  determining 
a u s e r  v e h i c l e ' s  p o s i t i o n  from a s ing le  s a t e l l i t e  by ob ta in ing  mul t ip l e  
measurements of  range and range-rate da t a .  The veh ic l e  can be anything 
from a submarine t o  a supersonic t ransport .  The computational method 
i s  based on a "six-element f ix ' '  where th ree  unknown p o s i t i o n  components 
and t h r e e  unknown v e l o c i t y  components a r e  determined from a s e t  of  
measurements o f  range and range-rate da t a .  In p r i n c i p l e ,  i t  i s  an 
o r b i t  determinat ion process i n  reverse.  A s impl i f i ed  model of the 
process  w a s  developed and t e s t e d  on a d i g i t a l  computer i n  o r d e r  t o  
t e s t  €or convergence and s e n s i t i v i t i e s  to  e r r o r  when the  time i n t e r v a l  
between measurements was decreased. Many examples were simulated with 
v e h i c l e  speeds ranging from 20 K for su r face  v e s s e l s  t o  2000 K f o r  
supersonic  a i r c r a f t  and sa te l l i t e  a l t i t u d e s  ranging from 500 n m i  t o  
synchronous, both p o l a r  and equa to r i a l .  The r e s u l t s ,  al though by no 
means complete, a r e  s u f f i c i e n t  t o  ind ica t e  t h a t  s a t i s f a c t o r y  a i r c r a f t  
navigat ion accuracies  may be achieved f o r  o r b i t a l  a l t i t u d e s  of l e s s  
than 4000 n m i .  A t  the h ighe r  a l t i t u d e s ,  the navigat ion process  is  too 
s e n s i t i v e  t o  measurement e r r o r s  i n  doppler  s h i f t  using measurement time 
i n t e r v a l s  which would be p r a c t i c a l  f o r  high-speed a i r c r a f t .  The r e s u l t s  
of t h i s  i n v e s t i g a t i o n  i n d i c a t e  t h a t  f u r t h e r  study e f f o r t s  on these  
techniques may be warranted, i f  l o w a l t i t u d e  communications satel l i tes  
become a v a i l a b l e .  
v i i  
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I. INTRODUCTION 
The RAND Corporation has  been working f o r  NASA Headquarters under 
Contract  NASr-21(02) i n  connection with f u t u r e  requirements f o r  non- 
m i l i t a r y  t r a f f i c  coord ina t ion ,  cont ro l  and naviga t ion  systems. This 
work has been prompted by t h e  f a c t  t h a t  t h e r e  i s  an inc reas ing  
L~WA I U L  L L C ~ U C ~ ~ ~  a d  accura te  position ;L;;for;;;ati=r, a b ~ ~ t  ships m d  
t ransoceanic  a i r c r a f t  f o r  use by t r a f f i c  coordinat ion agencies  and i n  
search and rescue operat ions.  This need i s  only p a r t i a l l y  s a t i s f i e d  
by e x i s t i n g  systems. There i s  l i t t l e  doubt t h a t  t he  forecas ted  growth 
of t ransoceanic  t r a v e l  and g rea t ly  increased a i r c r a f t  speeds w i l l  com- 
pound the  problem and impose an enormous burden on comunica t ion  f a -  
c i l i t i es .  Moreover, t he re  i s  l i t t l e  reason t o  b e l i e v e  t h a t  t he re  i s  a 
one-to-one r e l a t i o n s h i p  between the expected t r anspor t a t ion  growth and 
the  accompanying communication needs. 
width requirements p e r  v e h i c l e  w i l l  g r e a t l y  increase  the  more a f f l u e n t  
and technological  our soc ie ty  becomes. Present  t ransoceanic  HF communi- 
c a t i o n  channels are a l ready  overloaded during peak t r a f f i c  per iods  and 
w i l l  reach s a t u r a t i o n  wi th in  a few yea r s  un less  e f f e c t i v e  improvements 
are i n s t i t u t e d .  Even with more e f f i c i e n t  u t i l i z a t i o n  and advanced tech- 
nology, i t  i s  doubtful  i f  there  i s  s u f f i c i e n t  growth p o t e n t i a l  in t h e  
HF, VHF, o r  cu r ren t ly  used UHF por t ions  of t h e  spectrum t o  keep pace 
with the  worldwide communication needs. Looking t o  the  f u t u r e ,  i t  seems 
c l e a r  t h a t  communication s a t e l l i t e s  opera t ing  a t  microwave f requencies  
w i l l  be used t o  a l l e v i a t e  t he  problem. A s  f o r  the  naviga t ion  func t ion  
inherent  i n  t r a f f i c  c o n t r o l ,  t he  Technology Audit Corporation i n  a r ecen t  
study") s t a t e d  t h a t  there  i s  "no urgent  need f o r  naviga t ion  systems i n  
- - -  c-- r I^^____ 
It is  most l i k e l y  t h a t  t h e  band- 
2 
a d d i t i o n  to those p re sen t ly  a v a i  a b l e  o r  projected" ( i . e . ,  Loran C y  
h e g a ,  Delrac).  
sh ip  between shore agencies and t h e  nonmil i tary nav iga to r  f o r  c o l l i s i o n  
hazard information, t r a f f i c  c o n t r o l ,  search and rescue,  e tc .  It i s  
probable t h a t  as oceanic t r a f f i c  d e n s i t y  i n c r e a s e s ,  any c r a f t  which i s  
p o t e n t i a l l y  a hazard t o  another  w i l l  be  r equ i r ed  t o  come under t r a f f i c  
con t ro l  supervision and hence c a r r y  approved equipment. P o s i t i o n  re- 
p o r t s  must b e  sys t ema t i ca l ly  and p e r i o d i c a l l y  obtained and processed 
wi th  high r e l i a b i l i t y  (as con t r a s t ed  w i t h  t he  p re sen t  marine system 
which i s  voluntary and has  about 50 pe rcen t  p a r t i c i p a t i o n ) .  There are,  
the re fo re ,  c e r t a i n  obvious advantages from t h e  s t andpo in t s  of r e l i -  
a b i l i t y ,  accuracy, and f o r  emergencies o r  d i s t r e s s  f o r  the nav iga t ion  
f i x  t o  be  determined and computed by a ground s t a t i o n  r a t h e r  than on 
board t h e  use r  v e h i c l e .  This i s  n o t  t o  r u l e  o u t  t h e  p o s s i b i l i t y  of 
making on-board computation and f i x  determinat ion automatic and sub- 
j e c t  t o  readout upon i n t e r r o g a t i o n  by t h e  c o n t r o l  agency. 
But t h e r e  i s  an urgent  need f o r  an advisory r e l a t i o n -  
I n  view of t h e  preceding d i scuss ion ,  i t  appears l i k e l y  t h a t  s a t e l -  
l i t e s  w i l l  have a d e f i n i t e  ro l e  i n  f u t u r e  oceanic communication and 
t r a f f i c  control  and coordinat ion.  P resen t  oceanic nav iga t ion  f a c i l i t i e s  
( i . e . ,  hyperbolic systems such as Loran C) would r e q u i r e  considerable  
expansion t o  provide g loba l  coverage wi th  good accuracy and r e l i a b i l i t y .  
It the re fo re  seems worthwhile t o  consider  how a nav iga t ion  capa- 
b i l i t y  can b e  developed as a secondary o r  bonus f e a t u r e  t o  a communica- 
t i o n  s a t e l l i t e  system. With t h i s  o b j e c t i v e  i n  mind, t h i s  Memorandum 
i s  concerned with a computational method f o r  determining a use r  v e h i c l e ' s  
p o s i t i o n  (navigat ion f i x )  from a s i n g l e  sa te l l i t e  by ob ta in ing  m u l t i p l e  
measurements of range and range-rate  d a t a .  
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11. SATELLITE NAVIGATIm S C W E S  
I 
There are a g r e a t  number of poss ib le  schemes f o r  determining a 
v e h i c l e ' s  p o s i t i o n  from satel l i te  measurements. 
conceive of systems employing var ious combinations of range, range r a t e ,  
ang le ,  o r  angu la r - r a t e  da t a  using one sa te l l i t e  o r  several. 
a l s o  schemes (dependent o r  independent of t h e  u se r  v e h i c l e  i t s e l f )  which 
supply c e r t a i n  d a t a  (e .g . ,  a l t i t u d e ,  speed, o r  course) t o  a p rec i s ion  
which may vary from a ' c r u d e  est imate  t o  an accu ra t e ly  measured quan t i ty .  
lhese va r ious  schemes may be divided i n t o  two b a s i c  ca tegor ies :  one 
where a l l  measurements are n e a r l y  simultaneous i n  time, and the  o the r  
where s i g n i f i c a n t  time i n t e r v a l s  occur between measurements. There i s  
an important  d i f f e r e n c e  between the two s i n c e  the  lat ter involves  t h e  
de te rmina t ion  of p o s i t i o n  and ve loc i ty .  For obvious reasons there are 
d e f i n i t e  advantages t o  t h e  simultaneous measurement method, t he  most 
important being the  e l imina t ion  of e r r o r  due to changes in  v e l o c i t y  
dur ing  t h e  measurement time in t e rva l .  However, t he re  i s  a c o s t  in 
terms of complexity,  r e l i a b i l i t y ,  number of s a t e l l i t e s  i n  o r b i t s ,  e t c . ,  
t h a t  may cause the  satel l i te  system t o  no longer appear t o  provide 
naviga t ion  c a p a b i l i t y  merely as  a secondary f e a t u r e .  References 2 t o  
5 conta in  d e t a i l e d  s t u d i e s  of var ious schemes of t he  simultaneous type. 
It i s  poss ib l e  t o  
There are 
The method descr ibed  he re  i s  based on a "six-element f ix"  where 
a s m a l l  b u t  s i g n i f i c a n t  time i n t e r v a l  exists between d a t a  measurements. 
In  p r i n c i p l e  it i s  nothing more t h a n  an o r b i t  de te rmina t ion  process  i n  
reverse, using d i f f e r e n t i a l  cor rec t ion  techniques.  That i s ,  in s t ead  
of an unknown o r b i t  w i th  re ference  ground observing s t a t i o n s ,  assume 
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t he  o r b i t  i s  known, and the ground s t a t i o n  (e .g . ,  an a i r c r a f t )  i s  on 
some unknown t r a j e c t o r y .  me problem i s  t o  f i n d  the six "elements," 
t h ree  f o r  p o s i t i o n  and t h r e e  f o r  v e l o c i t y .  In  a p r a c t i c a l  c a s e ,  two 
of the elements are probably already known with s u f f i c i e n t  p r e c i s i o n ,  
i . e . ,  a l t i t u d e  and i t s  t i m e  ra te  of change. This knowledge can be used 
t o  reduce t h e  computation o r  perhaps as a self-checking f e a t u r e .  As  
with an o r b i t  determinat ion process , t he  computation must s t a r t  with 
c e r t a i n  i n i t i a l  assumptions which are r e f i n e d  s t e p  by s t e p  as t h e  pro- 
c e s s  continues. In  the reverse process of determining, s ay ,  an a i r -  
c r a f t ' s  f l i g h t  p a t h ,  i t  i s  necessary t o  s t a r t  with a s e t  of equat ions 
which w i l l  r ep resen t  t he  time h i s t o r y  of t he  path between obse rva t ions ,  
e.g. , constant  speed, cons t an t  heading (rhumb l i n e )  o r  g r e a t - c i r c l e  
course.  Unfortunately,  i n  t h i s  process  t h e r e  w i l l  b e  no p r i o r  h o w -  
ledge of per turbing inf luences such as sudden changes i n  heading o r  
speed. On t h e  o the r  hand, pe r tu rb ing  e f f e c t s  become s m a l l  as the  time 
i n t e r v a l  between observations decreases  ; moreover , except when nea r  
terminals ,  most a i r c r a f t  f l y  r a t h e r  s teady f l i g h t  pa ths ,  p a r t i c u l a r l y  
when navigating ac ross  oceans. Supersonic t r anspor t s  may t r a v e l  as 
f a s t  a s  30 miles p e r  minute which means t h a t  p o s i t i o n  unce r t a in ty  may 
accumulate quickly due t o  small instrumentat ion e r r o r s .  Accordingly , 
it  i s  estimated t h a t  a sys t em should be  a b l e  t o  provide a f i x  about 
every f i v e  minutes o r  less .  The important quest ion i s  whether o r  not  
an o r b i t ,  o r ,  a s  used h e r e ,  a t r a j e c t o r y  determination process ,  i s  con- 
ve rgen t  with such s h o r t  time i n t e r v a l s  between observat ions.  This w i l l  
depend upon many f a c t o r s ,  b u t  most importantly upon t h e  geometry and 
r e l a t i v e  ve loc i ty  between s a t e l l i t e  and v e h i c l e .  
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111. USE OF RANGE AND DOPPLER DATA 
Generally speaking, an o r b i t ,  o r  a t r a j e c t o r y ,  may b e  determined 
by obtaining six independent observat ional  q u a n t i t i e s  involving e i t h e r  
range, range raie,  a i g u l d L  Cldid, UL cwuuiiicrtiljus t L e ~ e ~ , f ,  5: eqiia- 
tions governing t h e  motion a r e  known and i f  t h e r e  are no unknown f o r c e s  
o r  a c c e l e r a t i o n s .  In t h e  r e s t r i c t e d  case of a su r face  vessel o r  an 
a i r c r a f t  a t  cons t an t  known a l t i t u d e ,  only f o u r  measurements are re- 
quired.  Again, i t  i s  important t o  c l a r i f y  the  d i f f e r e n c e  between 
obtaining a p o s i t i o n  a t  a s p e c i f i c  t i m e ,  us ing t h r e e  simultaneous 
measurements, and obtaining a t r a j e c t o r y  using nonsimultaneous m e a -  
surements. In t h e  l a t te r  case ,  three components of v e l o c i t y  must a l s o  
be  determined in order  t o  o b t a i n  the d e s i r e d  p o s i t i o n  information be- 
cause of the time i n t e r v a l .  Furthermore, t hese  components of v e l o c i t y  
are t r e a t e d  as unknown r a t h e r  than known q u a n t i t i e s .  
The use of range and/or  range-rate d a t a  as observable q u a n t i t i e s  
w a s  chosen f o r  i n v e s t i g a t i o n  because of t he  p r e c i s i o n  which can be 
achieved without  t he  use  of werly complex hardware on e i t h e r  t h e  satel- 
l i t e  o r  u s e r  v e h i c l e .  
For a six-element f i x ,  i t  i s  t h e o r e t i c a l l y  f e a s i b l e  t o  use e i t h e r  
s i x  independent measurements of range o r  range rate, o r  a mixture of 
t h e  two. Resul ts  from similar pas t  e f f o r t s  (see Ref. 6 )  w e r e  p e s s i -  
m i s t i c  wi th  regard t o  using a set of range-rate  only measurements. 
Unsa t i s f ac to ry  r e s u l t s  were obtained r ecen t ly  us ing  a set of range- 
only measurements, due t o  t h e  computational d i f f i c u l t i e s  a r i s i n g  when 
" s m a l l "  time i n t e r v a l s  between measurements are involved. The quest ion 
of "how s m a l l "  i s  a func t ion  of veh ic l e  and sa te l l i t e  speed and d i r e c t i o n ,  
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i . e . ,  r e l a t i v e  v e l o c i t y .  A s  previously d i scussed ,  i n t e r v a l s  of less 
than f i v e  minutes are d e s i r a b l e ,  n o t  only t o  reduce e r r o r s  b u t  f o r  
operat ional  reasons.  Note t h a t  lines of p o s i t i o n  obtained from a 
s i n g l e  s a t e l l i t e  w i l l  i n t e r s e c t  a t  very small ang le s  f o r  c l o s e l y  
spaced range measurements. An at tempt  w a s  made t o  determine how w e l l  
a f i x  could be obtained under such cond i t ions  by using p r e c i s i o n  range 
measurements and modem d a t a  processing. 
measurements were r a t h e r  disappoint ing f o r  reasons t o  be  discussed i n  
Sect ion V I  which dea l s  with the  computation process .  Using a mixture  
of range and range-rate  d a t a  l ed  t o  more success fu l  r e s u l t s  s i n c e  t h e  
indeterminacy and computational d i f f i c u l t i e s  were considerably lessened.  
This could b e  surmised by consider ing the  following f a c t s :  Range ra te  i s  
the component of r e l a t i v e  v e l o c i t y  (vector  d i f f e r e n c e  between s a t e l l i t e  
and veh ic l e  v e l o c i t y )  which i s  para l le l  t o  o r  along the  l i n e  between 
s a t e l l i t e  and v e h i c l e .  It i s  t h e r e f o r e  a func t ion  ( i . e . ,  cos Q) of the  
ang le  between t h i s  re la t ive v e l o c i t y  and the range v e c t o r .  Since the  
s a t e l l i t e  v e l o c i t y  i s  usua l ly  f a r  g r e a t e r  than the v e h i c l e  v e l o c i t y ,  
t he  angle  Jr i s  approximately t h a t  of t h e  ang le  between t h e  s a t e l l i t e  
v e l o c i t y  and t h e  range v e c t o r .  Therefore,  the measurement of range 
ra te  is  analogous t o  an angular  measurement. A s  a s i m p l e  example, con- 
s i d e r  a vehicle to be motionless on a nonrotat ing e a r t h .  I f  the s a t -  
e l l i t e  ve loc i ty  i s  known, a s i n g l e  measurement o f  range r a t e  ? w i l l  
d e f i n e  cos Jr . A s  i l l u s t r a t e d  i n  Fig.  1 below, the  ang le  Jr d e f i n e s  a 
con ica l  surface of p o s i t i o n  containing a l l  p o i n t s  where t h i s  p a r t i c u l a r  
v a l u e  of could be measured. I n  t h i s  simple case ,  the axis of the cone 
i s  along the s a t e l l i t e  v e l o c i t y  v e c t o r ,  whereas gene ra l ly  the  axis l i e s  
R e s u l t s  using range-only 
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Fig. 1-Conical and spherical surfaces of position 
8 . 
along the  r e l a t i v e  ( s a t e l l i t e - v e h i c l e )  v e l o c i t y  vec to r .  
ment of range leads t o  a conica l  and sphe r i ca l  su r f ace  of pos i t i on .  
(See Fig.  1.) Therefore,  the  i n t e r s e c t i o n  of t he  cone and sphere with 
a sphere represent ing the  e a r t h ' s  su r f ace  (o r  a su r face  def ined by some 
spec i f i ed  a l t i t u d e )  w i l l  r e s u l t  i n  two i n t e r s e c t i n g  a r c s  of p o s i t i o n ,  
a s  shown below. The ambiguity i s  e a s i l y  resolved with only p r imi t ive  
knowledge o f  the v e h i c l e ' s  pos i t i on .  
The measure- 
r "constant 
i =constant p \  
I ntersect ing arcs of position 
A s  might b e  expected, the f i x  accuracy w i l l  be very s e n s i t i v e  t o  
the  determination of t he  angle  $ ,  and hence the measurement accuracy of 
e.  For $ n e a r  90° the navigat ion error i s  approximately rA$, where 
a; A $ , - -  
r v 
I n  the above, r i s  the range from s a t e l l i t e  t o  v e h i c l e ,  V i s  the  mag- 
n i tude  of the r e l a t i v e  v e l o c i t y  v e c t o r ,  s a t e l l i t e  t o  v e h i c l e  (as seen 
r 
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i n  an ear th-f ixed reference frame) , and A; -s the  measurement e r r o r  
i n  range ra te .  
Referr ing t o  Fig. 1, n o t e  t h a t  t h e  range v e c t o r  f i s  given by 
- - -  
r = P - S  
Designating 'F a n d ' s  as the v e l o c i t i e s  of P and S w i t h  r e s p e c t  t o  
an inertial nonro ta t ing  coordinate  system, then the  r e l a t i v e  v e l o c i t y  
expressed i n  t h i s  same system i s  
- 
Designating V as the ve loc i ty  o f  S r e l a t i v e  to  F apparent t o  an  r 
observer i n  a r o t a t i n g  ear th-f ixed coordinate  frame, then 
where w 
ea r th - f ixed  axes with r e s p e c t  t o  the inertial  frame. It i s  important 
i s  the  angular  v e l o c i t y  vec to r  de f in ing  the r o t a t i o n  of t he  e 
t o  n o t e  t h a t  s i n c e  the v e c t o r  result  of t he  c r o s s  product i s  always 
normal t o  F 
- 
For two f ixed  p o i n t s  on the e a r t h ' s  s u r f a c e ,  Vr= 0 ,  whereas t h e  relative 
v e l o c i t y  of t h e  one p o i n t  with r e spec t  t o  t h e  other  i s  n o t  equal t o  ze ro  
when expressed as an inertial  v e l o c i t y  (due t o  t h e  e a r t h ' s  r o t a t i o n ) .  
I n  a similar f a sh ion ,  t he  r e l a t i o n s h i p  between p o s i t i o n  and range measure- 
ment e r r o r s  may be obtained from the t r i a n g u l a r  r e l a t i o n s h i p  
2 2 2  r = S + P - 2SP cos y 
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where Y is  t h e  ang le  between f; and 5. 
D i f f e r e n t i a t i n g  and s e t t i n g  AS = AP = 0 y i e l d s  
r A  r 
s s i n  
which shows an unfavorable condi t ion for s m a l l  values  o f  y ,  i . e . ,  when 
t h e  s a t e l l i t e  i s  n e a r l y  d i r e c t l y  over  t h e  veh ic l e .  
- -  - 
The v e c t o r s  P ,  S ,  and r form a plane and so f a r  only the  posi-  
t i o n a l  geometry i n  t h i s  plane has been considered. The gene ra l  t h r e e -  
dimensional c a s e ,  where t h e  r e l a t i v e  V i s  no t  n e c e s s a r i l y  cop lana r ,  
i s  considered i n  Appendix A .  It i s  shown t h e r e  t h a t  a s i n g u l a r i t y  
- 
r 
ex i s t s  when t h e  out-of-plane component o f  r e l a t i v e  v e l o c i t y  i s  zero .  
Conversely, e r r o r s  are minimized when the s a t e l l i t e  motion r e l a t i v e  t o  
the  veh ic l e  i s  normal t o  t he  f;, 5 plane.  
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I V .  EQUIPMENT ACCURACY 
The purpose of  t h i s  s e c t i o n  is t o  i n d i c a t e  t h e  equipment accuracy 
as  a funct ion o f  required pos i t i on  accuracy. Since t h e  measurements 
involve only round-tr ip  t i m e  d e l a y s ,  t h e  g r e a t e s t  burden i s  placed on 
t h e  measurement of  t i m e ,  i . e . ,  the clock used a t  t h e  t ransmit  and re- 
ce ive  end. So long as t h e  i n i t i a l  t r a n s m i t t e r  and f i n a l  r ece ive r  are 
a t  t h e  s a m e  end, it does not  mat ter  whether t h e s e  a r e  a t  t h e  nav iga to r  
pos i t i on  P ,  i n  t h e  s a t e l l i t e  S ,  or a t  a ground s t a t i o n  t h a t  i s  t r ack -  
ing  t h e  s a t e l l i t e  and communicating with it. It i s  assumed t h a t  t h e  
sa te l l i t e  p o s i t i o n  v e c t o r  s and v e l o c i t y  v e c t o r  
and need n o t  e n t e r  t he  e r r o r  a n a l y s i s  and t h a t  delay e r r o r s  i n  t h e  trans- 
ponders a l s o  can be made s m a l l  enough t o  be  neglected.  
quired clock accu rac i e s  and the time aver which the measurements must 
be  made w i l l  be estimated. It should be noted t h a t  t h i s  navigat ion 
method uses  equipment and techniques s imi l a r  t o  those used i n  pulse  
doppler r a d a r ;  t h e r e f o r e  t h e  a r t  is  w e l l  e s t a b l i s h e d .  
are p r e c i s e l y  known 
S 
Therefore,  re- 
Assume f o r  i l l u s t r a t i o n  t h a t  a t r a n s m i t t e r  and r ece ive r  are a t  
point  P ,  while t h e  sa te l l i t e  has a transponder.  A navigator  could 
t r ansmi t  pu l se s  t o  the sa te l l i t e  and r ece ive  them a f t e r  a time delay T. 
By comparing t h e  received pu l ses  with those  t r ansmi t t ed ,  t h e  range and 
doppler s h i f t  can be  determined as  i n  r ada r  by 
L 
f = -  2v A ( 1 + 1 +  (,I V + . - . I  d C 
where 
1 = t r ansmi t t e r  wavelength 
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V 
C 
Neglecting h ighe r  order  terms i n  - 
The measured v e l o c i t y  v = i s  a func t ion  of the ang le  JI between 
the r e l a t i v e  vec to r  v e l o c i t y  7 
as discussed i n  Sect ion 111. 
and the l i ne -o f - s igh t  between P and S ,  r 
Assuming t h a t  V f d ,  and X are known o r  can be  measured, t he  r '  
angle  $ i s  given by 
$ = cos-I (2) 
Knowing the angle  J[ places  the p o i n t  P on the  s u r f a c e  of a cone t h a t  
i n t e r s e c t s  the e a r t h  i n  a l i n e ,  as discussed i n  Sect ion 111. The mea- 
surement of t i m e  delay 7 gives range r from t h e  r e l a t i o n  
C T  r = -  
2 (5) 
which p l a c e s  the p o i n t  P on the  su r face  of a sphere t h a t  i n t e r s e c t s  t he  
e a r t h  i n  a c i r c l e  as ind ica t ed  on p. 8. The i n t e r s e c t i o n  of these 
th ree  surfaces  l o c a t e s  the po in t s  P and P'. 
To obtain a rough e s t ima te  of some of the required accu rac i e s ,  
consider  the orthogonal case represented by E q s .  (1) and (2 ) ,  ( i . e . ,  
where the r e l a t i v e  v e l o c i t y  vec to r  7 i s  normal t o  and s ) .  Then r 
r A  r 
= s sin 
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r A  AP($)  = - 
'r 
(7) 
Combining Eqs. (5), (6), and (7) gives 
cAfd r 
r 
i lP($j  =x
where 
f i s  t h e  t ransmit ted frequency 
Af is  t h e  e r r o r  i n  doppler measurement d 
A T  i s  the  e r r o r  i n  time delay measurement 
To estimate t h e  required equipment accuracy, assume t h a t  t h e  satel-  
l i t e  i s  a t  synchronous a l t i t u d e  in an e q u a t o r i a l  p l a n e  and is r o t a t i n g  
in a d i r e c t i o n  opposi te  t o  t h a t  of t he  e a r t h ,  i .e.,  r e t r o g r a d e  o r b i t .  
Then, i n  twelve hours the satel l i te  w i l l  make one r evo lu t ion  with re- 
s p e c t  t o  t h e  e a r t h  s o  t h a t  
2 n a R  
xhe re  
t = 12 h r  
a = 6.61 e a r t h  r a d i i  
Re = 3,437.5 n m i  
9 c = .572 x 10 n m i / h r  
Then 
8 '€d AP($> (n m i )  - 6 x 10 - E 
This m e a n s  t h a t  frequency m u s t  be  s t a b l e  t o  about one p a r t  i n  
9 10 during the time of measurement t o  ob ta in  an accuracy of one n m i  
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i n  t h e  JI d i r e c t i o n .  Considerably less s t a b i l i t y  i s  required t o  make 
the  range measurements t o  t h e  same accuracy (because t h e  t i m e  period 
can be much l e s s ) .  It i s  i n t e r e s t i n g  t o  no te  t h a t  some doppler r ada r s  
t h a t  must r e j e c t  very high c l u t t e r  r a t i o s  r e q u i r e  frequency s t a b i l i -  
t i e s  of one p a r t  i n  10" o r  b e t t e r  f o r  s h o r t  t i m e  per iods.  (7) These 
conditions can be m e t  by using a master c r y s t a l  o s c i l l a t o r ,  m u l t i p l i e r  
chain and power a m p l i f i e r  (MOPA); i n  f a c t ,  they are m e t  i n  some a i r -  
borne radars .  
To make pos i t i on  measurements t o  a given accuracy r e q u i r e s ,  i n  
a d d i t i o n  t o  s t a b i l i t y ,  a c e r t a i n  bandwidth B f o r  t h e  range measurement, 
and a measurement t i m e  T f o r  t h e  v e l o c i t y  o r  ang le  measurement. These 
q u a n t i t i e s  B and T determine t h e  r e s o l u t i o n  i n  range and v e l o c i t y  t h a t  
can be achieved. Since it i s  p o s s i b l e  t o  ob ta in  b e t t e r  accuracy than 
r e so lu t ion  i f  t he  s igna l - to -no i se  r a t i o  i s  s u f f i c i e n t l y  l a r g e ,  t h e r e  
i s  a t radeoff  between the q u a n t i t i e s  B ,  T and e / n ,  t h e  received s i g n a l -  
to-noise  r a t i o .  When h ighe r  d e r i v a t i v e s  of range and v e l o c i t y  are n o t  
s i g n i f i c a n t ,  t h e  r e l a t i o n s  are 
where 
B = s i g n a l  bandwidth 
T = time taken t o  make the  measurement and t h e  
r e c i p r o c a l  of the e f f e c t i v e  n o i s e  bandwidth 
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e /n  = t h e  received s i g n a l  energy-to-noise r a t i o  
kl = a c m s t a n t  dependent on energy d i s t r i b u t i o n  (-m f o r  a uniform d i s t r i b u t i o n )  
(8-1 7 )  
These r e l a t i o n s  are der ived i n  many p laces .  
I n  t h e  above r e l a t i o n s  t h e  assumption i s  made t h a t  t h e  q u a n t i t i e s  
a r e  not  changing during t h e  measurements. That i s ,  the satel l i te  must 
not  move apprec iab ly  during t h e  t i m e  of measurement 
Th i s  condi t ion  i s  not necessary,  that i s ,  V T could be l a r g e r  than 
AP(Jr); however, i f  so, it i s  necessary t o  measure a c c e l e r a t i o n  as w e l l  
a s  ve loc i ty .  
and o the r  r e l a t i o n s  would be required r e l a t i n g  energy t o  accuracy. 
r 
The da ta  processing wvuld be somewhat more complicated,  
(12) 
Assuming t h a t  t h e  inequa l i ty  of  Eq.  (12) exists, the ang le  measure- 
ment p laces  a l i m i t  on t h e  t i m e  t h a t  can be taken t o  make t h e  measure- 
ment, and t h e r e f o r e  on the  measurement accuracy. Combining E q s .  (9) 
and (11) y i e l d s  
rAK 
AP($) M -  2V rT 
sub jec t  t o  t h e  condi t ion  AP(Jr) > VrT. Thus 
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S e t t i n g  K = 1 i s  equ iva len t  t o  equating accuracy t o  r e s o l u t i o n .  How- 
ever ,  f o r  good d e t e c t i o n  e / n  must be  between 10 and 100; t h e r e f o r e ,  
reasonable va lues  of K are from about .15 t o  .055. 
Next, consider  t h e  one-way energy required t o  make the measure- 
ments. 
The t ransmit ted energy i s  given by the peak power $ times i t s  
durat ion ; thus 
A 
E = PT 
assuming t h e  t ransmission i s  continuous over t h e  per iod T.  
The received s i g n a l  peak power amplitude i s  
A 
PGA 
4rrr 
s = -  
2 
and t h e  e f f e c t i v e  n o i s e  power i n  the  r e c e i v e r  i s  
where T i s  t h e  t o t a l  i n t e g r a t i o n  t ime,  k i s  Boltzmann's cons t an t  and 
T e f f  i s  t h e  e f f e c t i v e  temperature including system l o s s e s .  Thus, i f  
a measurement i s  made over a t i m e  period T ,  then 
2 
GA 
A 4n e /n  r k Teff  
P T = E =  
If the s a t e l l i t e  has s u f f i c i e n t  ga in  so t h a t  a11 o f  t h e  e a r t h  i s  
i l luminated,  and i f  t h e  r e c e i v e r  i s  a d i p o l e ,  then 
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2 2 47 I- 
2 r iR e 
G--- - 4 a  
and t h e  energy required f o r  a one-way t ransmission i s  
3 3 
4nL e/n rL k Teff 
2 2  
E =  
l a  
I f  r i s  replaced by a R where R i s  the  r ad ius  of t he  e a r t h ,  then e'  e 
Assuming no l i m i t  t o  t h e  s i z e  of t h e  antenna i n  the  sa te l l i t e ,  
the  power required in t h e  s a t e l l i t e  i s  independent of t h e  s a t e l l i t e  
a l t i t u d e ,  t o  a good approximation (a >> 1). 
Actual ly ,  i f  a s u f f i c i e n t l y  l a r g e  antenna w e r e  used, t h e  gain 
could be adjusted t o  be  lower d i r e c t l y  under the sa te l l i t e  (where 
the  range i s  least) ,  and t o  increase toward t h e  e a r t h  limb (where the 
range is  g r e a t e r ) .  This would produce a small a d d i t i o n a l  saving in  
power. The major gain would accrue t o  low-a l t i t ude  satel l i tes .  
The choice of n o i s e  t e m p e r a t u r e  f o r  t he  receiver on t h e  ground 
considerably a f f e c t s  t h e  energy required i n  the  s a t e l l i t e .  There 
appear t o  be roughly th ree  choices. 
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Maser VPe 
b 
Tunnel Diode Crys t a l  
a 
60' Noise Temp (Kelvin) 
L i f e  11 2000 h r s  I Very Long 
600' 3000' 
~~ 
a These n o i s e  temperatures include a l l  r e c e i v e r  l o s s e s .  
bThese d a t a  were obtained from Ned Feldman of The RAND 
Corporation. 
Consider, f o r  i n s t ance ,  C- and L-band with e / n  = 100, which makes 
0 K = .055 and s e t  no i se  temperature = 600 . 
X = .2 f t  (C-band) X = 1 f t  (L-band) 
AP(JI) > .14 n m i  AP($) > .32  n m i  
E = .45 j o u l e  E = .018 j o u l e  
I f  the v a l u e  of K i s  taken as u n i t y ,  no i n t e r p o l a t i o n  i s  re- 
qu i r ed ,  i . e . ,  t he  processing i s  q u i t e  simple. Note t h a t  i n  t h i s  
ca se  
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X = .2 f t  (C-bad)  X = 1 f t  (L-band) 
I 
AI?(*) > .6 n m i  AP($) > 1.35 n m i  
E = -45 j o u l e  
( e /n  = 100) 
sec  1.72 
= AP($) (n m i )  
E = .018 j o u l e  
( e /n  = 100) 
Many waveforms can be used t o  make the  measurements discussed 
above. 
neously us ing  t h e  same transmitted energy. This can be done using 
a t ransmission t h a t  lasts f o r  t h e  per iod T and covers a frequency 
band B .  Energy can be d i s t r i b u t e d  i n  t h e  time frequency domain t o  
Both range and v e l o c i t y  measurements can be made simulta- 
g ive  many d i f f e r e n t  types of so-called "ambiguity diagrams. 1,(13) If, 
f o r  i n s t a n c e ,  t h e  d i s t r i b u t i o n  i s  pseudorandom, t h e  ambiguity func t ion  
can be  "thumb tack" in  shape, which means t h a t  each p a i r  of p o i n t s  P 
and P' w i l l  have a unique matched f i l t e r  output.  
i s  m o s t  general  and economical, t h e  processing may be  complicated. 
While t h i s  approach 
S impl i f i ca t ions  in processing may b e  achieved by making the range 
and v e l o c i t y  measurements with two s e p a r a t e  t ransmissions o r  by using 
more ambiguous functions. One waveform t h a t  is  i n t e r e s t i n g  because 
of i t s  f r equen t  use in  r a d a r  i s  a series of pulses  e i t h e r  evenly o r  
unevenly spaced. The series must last  f o r  a t  least  a period T t o  make 
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t h e  ve loc i ty  measurement. 
b i g u i t i e s  i n  t h e  measurement of the ang le  $ .  I f ,  f o r  i n s t ance ,  a s i n g l e  
pu l se  were used a t  the beginning and end of a per iod  T and i f  K = 1, 
then each i n t e r v a l  AP($) would be  ambiguous because the  frequency 
would change by one cyc le  i n  the  t i m e  T f o r  each change i n  p o s i t i o n  
AP(S) - 
I f  few pu l ses  are used,  t he re  w i l l  be  a m -  
I f  a t r a i n  of uniformly spaced pu l ses  were used,  t he re  would be 
range ambigui t ies .  I f  t he  range between pulses  i s  r the  ambiguity 
i n  the  JI d i rec t ion  r i s  given by 
b y  
U 
c r X  
u 4 V r b  
r = - -  
I f  r i s  t o  be equal t o  t h e  r ad ius  of t he  e a r t h  so t h a t  t h e r e  
w i l l  b e  no ambiguity i n  measurement of range,  then,  using t h e  same 
va lues  as be fo re  
b 
r (n mi) - 13.2 A(ft)  
U 
This  would probably n o t  be s a t i s f a c t o r y  ope ra t iona l ly .  I f ,  i n s t ead ,  
t he  ambigui t ies  were d iv ided  between the  r and JI coord ina tes ,  then 
4 - 4 . 5 5  x 10 l ( f t )  crX r (n mi) r ( n  m i )  -- 
U b 4v 
and i f  the ambigui t ies  w e r e  shared equal ly  i n  t h e  r and JI d i r e c t i o n s ,  
then 
- 213 n m i  ,,/= 
= ‘b 
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which might be  s a t i s f a c t o r y  f o r  some a p p l i c a t i o n s .  A t  t he  expense of 
f u r t h e r  complexity, t h e  spacing between pu l ses  could be v a r i e d ;  t h i s  
then removes the  ambiguity. A l l  t h e  techniques f o r  measuring range 
and v e l o c i t y  t h a t  have been discussed and app l i ed  t o  r ada r  a r e  of 
course a p p l i c a b l e  he re ,  and s ince  t h e r e  i s  a wide choice,  t h e  s e l e c t i o n  
n f  waveform wniild r e q u i r e  f u r t h e r  a n a l y s i s .  
It has been shown t h a t  a navigat ion system can be b u i l t  which 
can measure p o s i t i o n  on the  e a r t h  t o  an accuracy of one n m i  or less 
by making a two-way range and doppler measurement between a sa te l l i t e  
having a v e l o c i t y  r e l a t i v e  t o  a po in t  on the  ground. The t r a n s m i t t e r  
and r e c e i v e r  can be  a t  e i t h e r  end, and a transponder i s  required a t  
t h e  o t h e r  end. The instantaneous sa te l l i t e  v e c t o r  v e l o c i t y  must be 
known t o  an angular  accuracy 
and the  clock must be accu ra t e  Over a period T t o  b e t t e r  than one p a r t  
i n  lo9 f o r  synchronous a l t i t u d e .  
p o s i t i o n  measurement can b e  made i n  less than a second f o r  reasonable 
parameters.  I f  t h e  transmissions are i n i t i a t e d  and received on the 
ground, s ay ,  from a master tracking s t a t i o n ,  then both the  s a t e l l i t e  
and t h e  nav iga to r  r e q u i r e  a minimum of equipment and  power. 
each r e q u i r e s  a transponder.  
When these  condi t ions are m e t ,  t h e  
Bas i ca l ly  
A sa te l l i t e  communication s y s t e m  could be considered as a poten- 
t i a l  way of determining loca t ion ,  s i n c e  t h i s  same equipment could be 
used f o r  communication. From t h i s  p o i n t  of view, the d a t a  ra te  used 
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f o r  navigation i s  one b i t  per  per iod T ,  where t h e  d a t a  are encoded 
using a bandwidth B. Hence, i t  i s  similar t o  communication Over an 
e f f e c t i v e  bandwidth 1/T. Since T i s  about .1 t o  1 sec, the d a t a  rate i s  
q u i t e  low even i f  p o s i t i o n  were updated every T sec .  Actual ly ,  po- 
s i t i o n  would probably b e  required only once every 5 t o  10 min, s o  
t h a t  t he  energy used f o r  p o s i t i o n  determining would be q u i t e  low com- 
pared t o  t h a t  required f o r  most forms of canmunication. 
This d i scuss ion  has been concerned wi th  determining t h e  l o c a t i o n  
of a fixed p o i n t  on the  e a r t h  when i t s  a l t i t u d e  i s  known. I f  t he  
a l t i t u d e  is n o t  known o r  i f  t h e  ground p o i n t  i s  moving, e r r o r s  i n  
l o c a t i o n  a r e  introduced. 
The remainder of t h i s  Memorandum i s  concerned wi th  a computational 
method fo r  determining the p o s i t i o n  of a v e h i c l e  which is  moving w i t h  
r e s p e c t  t o  a r o t a t i n g  e a r t h  by obtaining s e v e r a l  measurements of range 
and doppler d a t a .  
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V.  FIX DETERMINATION PROCESS 
This  s e c t i o n  conta ins  a desc r ip t ion  o f  an i t e r a t i v e  computational 
technique involving d i f f e r e n t i a l  co r rec t ions .  It should be f a m i l i a r  
t o  those  acquainted with o r b i t  determination processes.  
A n  i n i t i a l  rough estimate of t h e  user v e h i c l e ' s  pos i t i on  and velo- 
c i t y  i s  required t o  start t h i s  process. (Experiments so f a r  i n d i c a t e  
t h a t  t hese  estimates can be very rough indeed. I n  f a c t ,  i t  i s  q u i t e  
l i k e l y  t h a t  t h e  use r  veh ic l e  would not  have t o  supply t h i s  i n fo r -  
mation.) The bas i c  idea of t h e  scheme i s  t o  compare parameters ob- 
t a ined  from t h e  assumed pos i t i on  wi th  those obtained from t h e  measure- 
ments. Correct ions t o  t h e  assumed pos i t i on  are then computed i n  a 
systematic  and o rde r ly  way so tha t  t h e  d i f f e rence  between assumed and 
measured values  i s  reduced t o  zero. 
To desc r ibe  t h i s  process ,  consider a v e h i c l e  t o  be located on t h e  
su r face  of  t h e  e a r t h  a t  poin t  PI  and a sa te l l i t e  a t  poin t  S 
a t  t i m e  t 
by geographic longi tude A 
are defined i n  a s i m i l a r  way using 1 
Assume  a r b i t r a r i l y  t h a t  t h e  v e h i c l e ' s  t r a j e c t o r y  may be descr ibed by 
i n  space 1 
as shown i n  Fig. 1. The coordinates  of P1 a r e  defined 1' 
and l a t i t u d e  'p,,. The coord ina tes  o f  S1 1P 
Cpls f o r  t h e  s u b s a t e l l i t e  po in t .  1s 
a rhumb-line course (defined as one where the  course l i n e  makes the  
same obl ique angle  A with a l l  meridians) and t h a t  t he  speed V is con- 
s t a n t .  Now p o s t u l a t e  the following: 
o The o r b i t  of sa te l l i t e  S is  p r e c i s e l y  known, i .e. ,  AIS ,  
Cpls a t  t i m e  t 1; Azs, yZs a t  t i m e  t2; e t c . ,  as w e l l  as i t s  
a l t i t u d e  hlS, h2S, e t c .  
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1 
o Range r between P and S1 and i t s  r a t e  of change G 
1 1 
can be measured p r e c i s e l y  by some means y e t  t o  be 
described; s i m i l a r l y ,  r2 and a t  t i m e  t e t c .  
2 2’ 
me problem i s  how t o  f i n d  the fou r  unknowns ( i n  t h i s  r e s t r i c t e d  
A, and V ,  given the fou r  measured q u a n t i t i e s  r 
1’ 1’ 
r and i The s a t e l l i t e  p o s i t i o n s  S and S2 are known q u a n t i t i e s .  
The assumption i s  made t h a t  the t r a j e c t o r y  between p o i n t s  P 
can be described by the equations r e l a t i n g  t o  a cons t an t  speed rhumb- 
case)  XIP’ Y I P ’  
2 ’  2 ’  1 
2 and P 1 
l i n e  course. Before proceeding with d e t a i l s  and d e r i v a t i o n s  perhaps 
i t  i s  b e t t e r  to  o u t l i n e  b r i e f l y  the procedure f o r  obtaining the  A r  
and A; r e s idua l s :  
- - 
o Estimate the  vec to r s  P 
o Using t h e  rhumb-line equat ions,  c a l c u l a t e  I; and P2. 
o Using t h e  above values  derived from e s t i m a t e s ,  compute 
and P l ,  i . e . ,  A 1p’  Y I P ’  A ,  and v .  1 
2 
r r r r  1’ 2 ’  1’ 2‘ 
and 
I C  , - r l c ,  A r l  = r o Form t h e  r e s i d u a l s  A r  = r10 1 
= r - where the  0 ’ s  r e f e r  Ar2 = r20 - r  
t o  observed o r  measured q u a n t i t i e s  and t h e  c ’ s  r e f e r  
- r 10 
2cJ  Ar2 20 2c 
t o  computed values .  
Using a Taylor series expansion i n  four  dimensions and ignoring second 
and higher o rde r  terms w e  may w r i t e  
AV 
1 6 r  
dA dV 
1 ;3r 1 a r  A r ,  - byl Aq1 + -A h l  + -AA + - 
I1 
a;, 
av CIA + - AV 
and s i m i l a r l y  f o r  a r  2 J  A;,. Thus, two sets  of observat ions provide 
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f o u r  r e s i d u a l s  i n  A r  and A;, thereby allowing a so lu t ion  f o r  t h e  cor-  
r e c t i o n s  to  the  fou r  elements , V1’ X1’ A ,  and v -  
Now consider  t he  more general  case where (1) six unknowns a r e  in- 
volved inc luding  a l t i t u d e  h and i t s  r a t e  of change h y  and (2) measure- 
m e n t  e r r o r s  are involved i n  r and 2 values .  
w i l l  provide 2n r e s i d u a l s  in  r and c ,  thereby al lowing a s o l u t i o n  f o r  
The n se :s of observat ions 
the  co r rec t ions  t o  the six i n i t i a l  es t imates  of X 1’ ;PI’ A ,  v ,  h ’  and 
1;. 
of l eas t  squares.  Each set  corresponds t o  a p a r t i c u l a r  time and t h e  
p a r t i a l  d e r i v a t i v e  c o e f f i c i e n t s  must b e  evaluated f o r  t h i s  time. The 
m a t r i x  M ,  which must b e  inver ted  f o r  determining t h e  c o r r e c t i o n s ,  i s  
then 
More than n = 3 sets w i l l  al low a more accu ra t e  f i t  by the  method 
Arl 
A;l 
Ar2 
A i2 
A 2n 
. -  
11 a 
21 a 
31 a 
a 
4 1  
12  
22 
a 
a 
32 
“4 2 
a 
a 2nl  2n2 a 
13 
a23 
a 
a 
33 
“4 3 
2n 3 a 
14 
a24 
34 
a 
44 
a 
a 
2n4 
a 
15 a 
25 a 
35 a 
a 45 
2n5 a 
- 
16 
a26 
a 
a 
36 
a 46 
2x16 a - 
. - , are the  p a r t i a l  d e r i v a t i v e  
2 
c o e f f i c i e n t s  evaluated a t  t * the n e x t  two rows are evaluated a t  t 1’ 
and s o  on. Appendices B and C contain d e t a i l s  regarding the  
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mathematical r e l a t i o n s h i p s  necessary t o  t h i s  process .  When n sets  of 
these r e s idua l s  are a v a i l a b l e  they form a 2n x 1 r e s i d u a l  v e c t o r  Aa. 
Aa = 
A i1 
A r2 
A G2 
A ‘n 
AGn 
. -  
The least-squares  s o l u t i o n  f o r  the e r r o r s  i n  the  estimates may be 
w r i t t e n  in a shorthand v e c t o r  matr ix  form 
where Ap is  the d e s i r e d  6 x 1 e r r o r  v e c t o r ,  and M i s  the  p a r t i a l  de- 
r i v a t i v e  c o e f f i c i e n t  matr ix  of E q .  (21). 
writ ten as 
This equat ion may a l s o  be 
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Ap = 
The elements of 
( 6  x 2 n mat r ix)  
Ar 1 
A 2  ] 
hr ,  L 
be2 
* 'n 
Gn - 
the  Ap e r r o r  m a t r i x  r ep resen t  co r rec t ions  which 
A ,  V ,  h ,  and 6 .  The 1' 5' are t o  be added t o  the  previous  values  of X 
process  i s  then repeated un t i l  the e r r o r s  in  t h e  elements of t he  re- 
s i d u a l  vec to r  Aa a r e  s u f f i c i e n t l y  s m a l l .  
28 
V I .  SIMULATION RESULTS 
A s implif ied model of the process descr ibed above w a s  developed 
and simulated on a d i g i t a l  canputer f o r  a v a r i e t y  of cond i t ions ,  e .g . ,  
s a t e l l i t e - v e h i c l e  geometry, speeds,  time i n t e r v a l s ,  measurement e r r o r s ,  
e t c . ,  i n  order t o  test  f o r  s e n s i t i v i t y  t o  e r r o r  and convergence. 
Rather than simulating the  general  ca se  o f  a six-element f i x  with 
least  squares f i t t i n g  and 2n measurements over n t i m e  i n t e r v a l s ,  w e  
chose t o  consider a case where only l a t i t u d e ,  l ong i tude ,  speed, and 
course a r e  unknown, i . e . ,  r r a t  t i m e  t and r 2 '  r2 a t  t i m e  t 2 '  1' 1 1 
Because o f  the l a r g e  number of  parameters needed t o  d e f i n e  the  
time-varying paths  of both s a t e l l i t e  and v e h i c l e ,  i t  w a s  convenient 
t o  hold c e r t a i n  o f  t h e s e  parameters constant  i n  o rde r  t o  study t h e  
e f f e c t s  of varying o the r s .  Accordingly, the following i n i t i a l  con- 
d i t i o n s  were adopted a t  t = 0 (unless  otherwise noted on the  f i g -  
u re s )  : 
0 
o Vehicle on the equator  a t  0 longi tude and l a t i t u d e  
o 
o S a t e l l i t e  on t h e  equator  15 w e s t  from the  veh ic l e  
Vehicle heading 45' from n o r t h  
0 
o Circular  s a t e l l i t e  o r b i t s  
With t h i s  arrangement i t  w a s  then convenient t o  vary 
o S a t e l l i t e  a l t i t u d e  and i n c l i n a t i o n  angle  
o Vehicle speed 
o T i m e s  t l  and t2  a t  which measurements occurred (thereby 
def ining r e l a t i v e  p o s i t i o n  geometry and time i n t e r v a l  
between measurements) 
o Ef fec t ive  measurement e r r o r s  (Ar and A;) 
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One of t h e  f i r s t  p o i n t s  of i n t e r e s t  occurs in  the f i x  determination capa- 
b i l i t y  of t h e  process under adverse geometrical  condi t ions which cause 
computational d i f f i c u l t i e s .  A s  might be expected, these d i f f i c u l t i e s  
w i l l  appear i n  the  form of "i l l-conditioned" matr ices  such as occur i n  
linear a l g e b r a i c  equations of the form 
where x and y are v e c t o r s  and A i s  a square m a t r i x .  I f  t he  determin- 
a n t  of A ,  though n o t  ze ro ,  i s  very small i n  abso lu t e  v a l u e ,  t h e  nu- 
mer i ca l ly  l a r g e  elements in  A-' w i l l  amplify s m a l l  numerical e r r o r s  
occurr ing i n  the c a l c u l a t i o n  t o  the p o i n t  t h a t  they overwhelm the 
s i g n i f i c a n t  elements. Figure 2,  taken from Ref. 14, i l l u s t r a t e s  a 
t y p i c a l  i n s t a b i l i t y  obtained using an i t e r a t i v e  process involving an 
i l l - cond i t ioned  m a t r i x  invers ion.  In t h i s  nav iga t ion  process , inde- 
terminacy ( o r  i n s t a b i l i t y )  i s  approached  pr imari ly  a s  a function of 
t h e  r e l a t i v e  s a t e l l i t e - v e h i c l e  motion between measurements. 
g r e a t e r  computational d i f f i c u l t i e s  might be expected a t  (1) h ighe r  satel- 
l i t e  a l t i t u d e s ,  and (2) s h o r t e r  time i n t e r v a l s  between measurements. 
The approach taken w a s  t o  perform a number of i dea l i zed  cases ( i . e . ,  
e r r o r - f r e e  measurements) in  order t o  check the program a n s w e r s  a g a i n s t  
a known r e s u l t ,  i . e . ,  zero navigat ion e r r o r .  The a n s w e r s  are considered 
t o  be "zero" i f  t h e  numerical values are one o r ,  hopeful ly ,  two o rde r s  
of magnitude smaller than a des i r ed  m a x i m u m  of one n m i .  Once t h e  com- 
p u t a t i o n a l  e r r o r  has been i s o l a t e d ,  and i f  i t  i s  s u f f i c i e n t l y  s m a l l ,  a 
given quan t i ty  i s  perturbed i n  order t o  e s t a b l i s h  an e r r o r  s e n s i t i v i t y .  
Of course,  i f  a computational "zero" cannot be e s t ab l i shed  f o r  an i d e a l i z e d  
Therefore , 
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c a s e  because of i n s t a b i l i t y ,  the e r r o r  s e n s i t i v i t y  determinat ion is  n o t  
too  meaningful. Figure 3 shows computer r e s u l t s  f o r  two idea l i zed  cases  
( i . e . ,  e r r o r - f r e e  measurements) with a sa te l l i t e  i n  a c i r c u l a r  o r b i t  a t  
12,000 n m i  a l t i t u d e .  Note t h a t  with both cases  ( i . e . ,  f i v e  and t e n  
minute t i m e  i n t e r v a l s  between measurements) t h e  process  tends  t o  con- 
verge  quickly from t h e  i n i t i a l  pos i t i on  estimate. However, t h e  f i v e  
minute case ,  i n s t ead  of converging t o  zero as it should,  approaches 
t h e  t h r e e  m i l e  e r r o r  l e v e l  and o s c i l l a t e s  about t h i s  va lue ,  f a i l i n g  
t o  improve. The naviga t ion  e r r o r s  represented in t h e s e  curves a r e  
due e n t i r e l y  t o  ampl i f i ca t ion  o f  small numerical  e r r o r s  by t h e  inve r se  
o f  a n  i l l - cond i t ioned  matrix. Therefore ,  t h e  numerical answers are 
dependent on t h e  p a r t i c u l a r  machine accuracy and numerical  processes  
used. There are s e v e r a l  processes f o r  i n v e r t i n g  ma t r i ces  wi th  varying 
degrees  of  accuracy and the re  a r e  d i f f e r e n t i a l  co r rec t ion  techniques 
f o r  improving a given invers ion .  Moreover, t h e r e  are o t h e r  computa- 
t i o n a l  techniques f o r  so lv ing  a system of l i n e a r  equat ions  by succes- 
s i v e  approximation and/or dynamic prograrmning. 
Not being s a t i s f i e d  w i t h  the  r e s u l t s  i nd ica t ed  by Fig. 3 i n  
e s t a b l i s h i n g  a zero ,  w e  supplemented t h e  program wi th  a numerical  
technique as descr ibed  i n  Refs. 14 and 15, and were success fu l  i n  
reducing t h e  numerical  e r r o r s  by one and, i n  some c a s e s ,  t w o  o rde r s  
of  magnitude. HDwever, t h e  bas ic  roo t  o f  t h e  d i f f i c u l t y  i s  that the  
system e r r o r  s e n s i t i v i t y  i s  very g r e a t  a t  t h e  h igher  sa te l l i t e  a l t i t u d e s .  
Subsequent r e s u l t s  w i l l  show tha t  t h i s  s e n s i t i v i t y ,  a c t i n g  upon e r r o r s  
from o t h e r  sources ,  w i l l  overwhelm the  numerical e r r o r s  so as to make 
t h e s e  cases  r a t h e r  un in t e re s t ing .  For example, Fig. 4 shows r e s u l t s  
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f o r  a number of cases where t h e  t i m e  i n t e r v a l  between the two sets  
of measurements w a s  10 min. Two s e t s  of e r r o r  curves a r e  shown, one 
f o r  a 1 .0  f t / s e c  range-rate  A ?  measurement p e r t u r b a t i o n ,  t he  o the r  f o r  
a pe r tu rba t ion  of 0 .1  f t / s e c .  Note t h a t  t h e r e  i s  a l i n e a r  r e l a t i o n -  
s h i p ,  i n  t h a t  the 1.0 f t / s e c  e r r o r  curves are d i sp laced  v e r t i c a l l y  one 
order of magnitude above t h e  0 .1  f t / s e c  curves,  t h e  s lopes are s t e e p ,  
and the r e s u l t a n t  e r r o r  quickly becomes unacceptable a t  t h e  h ighe r  
a l t i t u d e s .  Figure 5 shows the r e s u l t s  obtained when the  t i m e  i n t e r v a l  
between measurements w a s  v a r i e d  f o r  a cons t an t  a l t i t u d e  case (h = 
2000 n mi). The r e s u l t s  f o r  d i r e c t  and r e t rog rade  e q u a t o r i a l  o r b i t s  
are compared t o  i l l u s t r a t e  t he  inf luence of t he  r e l a t i v e  v e l o c i t y  on 
t h e  r e s u l t a n t  e r r o r s .  (See Fig. 6 . )  
Three d i f f e r e n t  major e r r o r  sources may c o n t r i b u t e  t o  an e f f e c t i v e  
(1) e l e c t r o n i c  measurement e r r o r s  due t o  frequency i n s t a b i l i t y  o r  A?:  
propagation e f f e c t s ,  (2)  u n c e r t a i n t i e s  i n  s a t e l l i t e  v e l o c i t y ,  and (3 )  
v e h i c l e  acce le ra t ions  during t h e  measurement t i m e  i n t e r v a l .  This l a s t  
e f f e c t  may be  regarded as equ iva len t  t o  a range-rate  measurement e r r o r ,  
s i n c e  t h e  navigat ion process  i s  based on the assumption t h a t  a cons t an t  
speed rhumb-line course prevails during a t i m e  i n t e r v a l  which i s  t o  b e  
s m a l l .  Accordingly, t h e  r e s u l t a n t  s o l u t i o n  t o  t h e  navigat ion problem in -  
volves  a c w s t a n t  average v e l o c i t y  between p o i n t s .  
the instantaneous v e h i c l e  v e l o c i t i e s  a t  t i m e s  t and t w i l l  d i f f e r  from 
t h i s  average v a l u e ,  e f f e c t i v e l y  c o n t r i b u t i n g  t o  a A; e r r o r .  Again 
t h i s  points  t o  t h e  d e s i r a b i l i t y  of many measurements a t  s h o r t  t i m e  
i n t e r v a l s .  It fol lows t h a t  the d a t a  processing must be compatible 
I f  a c c e l e r a t i o n  ex is t s ,  
1 2 
with t h e  computational accuracy imposed by the s h o r t  t i m e  i n t e r v a l s .  
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VII. CONCLUSIONS 
The r e s u l t s  from the  previous s e c t i o n ,  although by no means com- 
p l e t e ,  are s u f f i c i e n t  t o  draw c e r t a i n  conclusions regarding the f e a s i -  
b i l i t y  and p r a c t i c a l i t v  of t h i s  concept f o r  a i r c r a f t  navigat ion.  To 
r e v i e w  b r i e f l y ,  t h e  bas i c  idea is  t o  determine the a i r c r a f t ' s  p o s i t i o n  
(acc-arate:yj c.- LIVul -..lt<.. lllULLIyIe m e z s u r m e n t s  , i~si-rrg a single sa te l l i t e ,  
wi thout  requi r ing  the  a i r c r a f t  t o  provide precise v e l o c i t y  infonna- 
t i o n .  That i s ,  the  a i r c r a f t  ve loc i ty  information necessary t o  com-  
pu te  the f i x  (since a time in t e rva l  between measurements i s  involved) 
w i l l  be  derived from da ta  processing by a ground s t a t i o n .  The problem 
i s  d i f f i c u l t  because i t  i s  necessary t o  separate out  computationally 
the  con t r ibu t ion  of t he  v e h i c l e ' s  v e l o c i t y  t o  t h e  change i n  measure- 
ments. This cont r ibu t ion  i s  l i k e l y  t o  be small r e l a t i v e  t o  t h a t  
caused by the  sa te l l i t e  and the  e a r t h ' s  r o t a t i o n .  Moreover, t he  re- 
s u l t a n t  naviga t ion  e r r o r  i s  q u i t e  s e n s i t i v e  t o  e r r o r s  i n  the de t e r -  
minat ion of the v e h i c l e '  s ve loc i ty .  
The s imulat ion r e s u l t s  show t h a t  the  da t a  processing technique 
is  r ap id ly  convergent,  e.g., from an i n i t i a l  es t imate  of an % - m i  
e r r o r  t o  zero  in  about  four  i t e r a t i o n s .  The navigat ion process  i s  
q u i t e  s e n s i t i v e  t o  e f f e c t i v e  errors in measured doppler s h i f t ,  p a r t i c -  
u l a r l y  a t  the h igher  s a t e l l i t e  o r b i t s  where the  r e l a t i v e  v e l o c i t y  
decreases .  O r b i t a l  a l t i t u d e s  g rea t e r  than about  4000 m i  show un- 
s a t i s f a c t o r y  a i rcraf t  navigat ion accurac ies  f o r  the estimated range 
of va lues  f o r  A; e r r o r  and f o r  p r a c t i c a l  time i n t e r v a l s  between m e a -  
surements. However, f o r  su r f ace  v e s s e l s  where the  time i n t e r v a l  could 
be  s t r e t ched  ou t ,  i t  i s  l i k e l y  that  s u f f i c i e n t  accuracy may be  achieved 
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using the  higher a l t i t u d e s .  
f o r  accuracy because of the higher  r e l a t i v e  v e l o c i t i e s .  The most un- 
favorable  geometry occurs when the  s a t e l l i t e  i s  d i r e c t l y  over the ve-  
h i c l e  o r  when t h e  s a t e l l i t e ' s  v e l o c i t y  i s  roughly i n  t h e  same plane as 
the g r e a t  c i r c l e  connecting the s u b s a t e l l i t e  p o i n t  and the  v e h i c l e .  
Low-altitude o r b i t s  are most favorable  
The work done so  f a r  has been prel iminary i n  n a t u r e  and has n o t  
included the general ized model of a "six-dimensional" f i x  with many 
measurements over a t i m e  i n t e r v a l  using a l eas t - squa res  f i t .  Ce r t a in ly  
t h i s  would have t o  be done be fo re  d e t a i l e d  conclusions can be drawn 
regarding (1) the  e f f e c t s  of v e h i c l e  a c c e l e r a t i o n  and i t s  c o n t r i b u t i o n  
t o  e f f e c t i v e  A; e r r o r ,  (2) lower and upper p r a c t i c a l  l i m i t s  on the f i x  
time i n t e r v a l  and (3) e f f e c t s  of random e r r o r  on nav iga t ion  accuracy. 
The r e s u l t s  of t h i s  i n v e s t i g a t i a n  i n d i c a t e  t h a t  f u r t h e r  study e f f o r t s  
are warranted i f  l ow-a l t i t ude  communication sa te l l i t es  become ope ra t iona l  
s o  t h a t  these nav iga t iona l  techniques might be  employed as a bonus bene- 
f i t  from the b a s i c  communications s a t e l l i t e  system. 
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Appendix A 
SIMPLIFIED THREE-DIMENSIONAL ERROR ANALYSIS 
In Sect ion I11 only the  pos i t i ona l  geometry i n  the plane formed by 
- -  
t he  vec to r s  P,  S, and was considered. It is worthwhile t o  examine the  
genera l  three-dimensional case where the  r e l a t i v e  v e l o c i t y  v e c t o r  7 
(o r  F)  i s  n o t  necessa r i ly  coplanar. 
r 
The bas i c  equat ions de f in ing  t h e  
naviga t ion  f i x  problem may be  expressed by the s i m p l e  vec to r  equat ion 
- 
P = E + ?  
There are th ree  unknowns t o  be determined: Px,  P y ,  P =. For t h i s  
- -  
example assume t h a t  t he  vec to r s  S ,  S ,  and I; are p rec i se ly  known and 
hence the r e l a t i v e  v e l o c i t y  T i s  defined by 
- - -  
r = P - S  . ( 2 4  
w h e r e  a l l  v e l o c i t i e s  are r e fe r r ed  t o  an i n e r t i a l  nonro ta t ing  frame. Two 
q u a n t i t i e s  are measured: r and G. For s i m p l i c i t y ,  l e t  us  take  
= P = 1 (ea r th  r a d i i )  
The so lu t ion  of t he  following three equat ions w i l l  y i e l d  the three 
components of F 
2 - -  r . r = r  
Of p a r t i c u l a r  interest i s  the r e l a t i o n s h i p  between t h e  p o s i t i o n  
Differen-  e r r o r  AF and t h e  e r r o r s  in measured q u a n t i t i e s  A r  and A?. 
t i a t i n g  the above equations and expressing the r e s u l t s  in scalar form 
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Vrx Arx + V A r  + Vrz  A r z  = car + r A i  r Y Y  
(4a) 
r A r  + r Ar + rz A r z  = rAr 
x x  Y Y  
where r = Px - Sx, A r x  = APx, and s i m i l a r l y  f o r  t he  y and z components. 
A t  t h i s  po in t ,  a convenient x, y ,  z coordinate  system can be a r b i t r a r i l y  
X 
chosen without l o s s  of g e n e r a l i t y .  For the  moment, p o s t u l a t e  t h a t  t h e r e  
i s  an x ,  y ,  z nonrotat ing frame such t h a t  i s  along the x-axis .  That 
i s  
P = P = l  
X 
P = P  = o  
Y Z  
Since t h e  l a t i t u d e  and longi tude e r r o r s  i n  A T  are  of p r i m a r y  concern,  
e r r o r s  i n  a l t i t u d e  w i l l  be ignored s o  t h a t  
APx = 0 
Now, t h e  r e s u l t a n t  s o l u t i o n s  t o  E q s .  (4a) may be  expressed as 
(rzr - V,,r) A r  + rzr A? 
- 
- r V  ) APy - (‘ryrz y r z  
It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t he  denominator i n  the above expressions 
may be w r i t t e n  as 
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which i s  i d e n t i c a l  t o  
The vec to r  (3 x F) i s  normal t o  the plane containing the  pos i t i on  vec to r s  
- -  
r ,  P and 5. 
hence the  denominator in E q .  (6a) w i l l  be zero .  Geometrically,  t h i s  
may be  i n t e r p r e t e d  as t h e  s i t u a t i o n  where the  two l i n e s  of pos i t i on  (LOPS) 
are parallel .  This w i l l  occur when the  two arcs ( i . e . ,  r = cons tan t  
I f  vr should be i n  t h i s  p lane ,  t he  above d o t  product and 
sphere and ? = cons tan t  cone) on the e a r t h ' s  su r f ace  are tangent.  
Referring t o  Fig.  1, no te  t h a t  i f  i s  i n  the  same p lane  as 
r 
and E, t he  i n t e r s e c t i o n  on the e a r t h ' s  su r f ace  w i l l  no t  b e  as shown 
on p. 8 but as shown i n  the  sketch below. 
Therefore ,  the most favorable  geometry f o r  minimum e r r o r  occurs when 
- - -  
t he  re la t ive v e l o c i t y  i s  noma1 t o  the  r ,  S ,  P p lane .  r 
In choosing a coord ina te  system, it was  only s t i p u l a t e d  t h a t  'i; should 
be  along the  x-axis. 
the  coord ina te  system such t h a t  the x, y plane conta ins  r ,  S ,  and I; so 
t h a t  
The r e s u l t s  may be s impl i f i ed  f u r t h e r  by choosing 
- -  
P x = P = l  
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The r e s u l t s  of Eqs. (4a) then s implify t o  
[ ( v ~  5 - i-) A r  - rA?]  
J 
r z  V 
APZ = - 
Note t h a t  the  expression f o r  AP 
a s i n g u l a r i t y  exists when the  out-of-plane component V i s  zero.  More- 
Over, i f  7 is  orthogonal t o  the r ,  S ,  (x ,  y) plane so  t h a t  V = V = 0 ,  
i s  the  same as given by Eq. (2) and t h a t  
Y 
r z  - -  
r rx  ry 
then the expression f o r  APz reduces t o  
r A  i- APZ = -
'r 
The above r e s u l t  i s  comparable t o  Eq. (1). 
the s a t e l l i t e  v e l o c i t y  
i . e . ,  nonrotat ing frame of re ference .  The v e h i c l e  v e l o c i t y  i s  then 
In the  work t h a t  fol lows,  
i s  expressed i n  terms of i n e r t i a l  coord ina tes ,  
r e f e r r e d  t o  t h i s  same frame and m u s t  n e c e s s a r i l y  contain terms involving 
the e a r t h ' s  r o t a t i o n .  
As noted i n  Sect ion 111, it i s  important t o  r e c a l l  t h a t  Tf i s  a r 
r e l a t i v e  v e l o c i t y  expressed i n  an ea r th - f ixed  r o t a t i n g  coordinate  sys- 
t e m  so  t h a t  - - L  - 
V r = r - w  x r  e 
4 3  
For l ow a l t i tude ,  large absolute values of 7 may be expected due 
principally t o  the s a t e l l i t e  motion. On the other hand, for a circular,  
equatorial, synchronous sa t e l l i t e ,  the re lat ive motion expressed by 
V i s  due only t o  the vehicle's motion and i s  zero f o r  a fixed p o i n t  
r 
- 
r 
on the earth. 
i ne r t i a l  system would not be zero  for the above mentioned case or in 
any practical  case. 
However, the relative m o t i o n  as defined by 7 in an 
44 . 
Appendix B 
FORMULAS APPLYING TO FIX DETERMINATION PROCESS 
The purpose of t h i s  Appendix i s  t o  s e t  down c e r t a i n  mathematical 
r e l a t i o n s h i p s  which are necessary t o  t h e  numerical process  described 
i n  Section V .  Returning t o  the  example f o r  n=2 sets  of observat ions,  
t he  fou r  q u a n t i t i e s  r r and ? are measured and i t  i s  
necessary t o  compute the  va lues  of r E r and ? using e s t ima tes  
f o r  cp ,  X, A ,  and V .  
01’ 01’ 02’ 02 
c l ’  c l ’  c2’ c2 
F i r s t ,  we  must have the  b a s i c  equations desc r ib ing  
t h e  t r a j e c t o r y  of t h e  v e h i c l e  between observat ion times tl and t 
equations may be  e s t a b l i s h e d  by taking an element of a r c  as 
These 2’ 
& 2 
cos cp dX2 + dcp’l‘ 
_1 
and 
dX 
t an  A = cos cp - 
dcp 
These two equations may be in t eg ra t ed  as follows 
t2 cp2 dX f- 2 
V ( t 2  - tl) = dS = P[cos cp(G) + I]* dcp 
= P(cp2 - cp,) sec  A 
Hence 
cp2 
v1 
X2 - X 1 = t an  A J *  
1 
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s o  t h a t  
(4b 1 
tan rp + sec cp2 
1 
r 2 X = X1 + t an  A In 2 L tan cpl + sec cp 
Referring t o  Fig.  1, the  values f o r  range may be computed from the 
following v e c t o r  expressions.  The s u b s c r i p t s  1 and 2 ,  i n d i c a t i n g  values  
at t i m e s  t- and t are dropped for genera l i ty .  
1 2'  
I n  an i n e r t i a l  , e q u a t o r i a l  , nonrotat ing r e fe rence  frame, the  components 
of 'i; are given by 
P = P cos cp cos 8 
X 
P = P cos cp s i n  8 
Y 
Pz = P s in  cp 
where 
e = h + n g t  
n = e a r t h ' s  r o t a t i o n a l  rate E 
t = Greenwich s i d e r e a l  t i m e  ( i .e . ,  taking 
the  x-axis along the  v e r n a l  equinox) 
- 
The components of 5 
which are assumed t o  be p r e c i s e l y  known. Appropriate expressions are 
set down he re  f o r  convenience. (The reader  i s  r e f e r r e d  t o  any text on 
c e l e s t i a l  mechanics, such as Ref. 1 6 ,  f o r  der iva t ion . )  
S may be  calculated from the  o r b i t a l  parameters 1' 2 
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s = x  P + y w q x  X w x  
s = x  
y wpy + y w q y  
w pz + y w  qz = x  sz 
where 
x = a(cos E - e) 
w 
Y, = a JZ s in  E 
p, = cos w cos R - s i n  u) s i n  cos i 
= cos w s i n  + s i n  u) cos 0 cos i 
pY 
= s i n  w s i n  i pz 
= - s i n  w cos - cos w s i n  0 cos i qX 
_ -  - s i n  w s i n  0 + cos w cos a cos i 
qY 
= cos w s i n  i qz 
a = semimajor axis of the o r b i t  
E = e c c e n t r i c  anomaly given by the  s o l u t i o n  
of Kepler ' s  equat ion n ( t  - T) = E - e s i n  E 
T = time of pe r igee  passage 
e = o r b i t a l  e c c e n t r i c i t y  
i = i n c l i n a t i o n  of t he  o r b i t a l  plane 
R = node angle  
w = argument of pe r igee  
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The va lues  f o r  range rate may be computed from 
Again, s u b s c r i p t s  are dropped f o r  genera l i ty .  Designating the  v e l o c i t y  
of the point P as vp, i .e. ,  Vp = P, and d i f f e r e n t i a t i n g  the expressions 
--- fnt P rrnd Eqs. (3b) yields the following - 
* v  cp = - COS A P 
- v  
e = - s i n A s e c c p + n  P E 
= - V [COS A sin cp COS 0 + sin A sin e ]  vPx 
X 
h P  - Pn cos cp sin 0 + -E P 
V = - V [cos A sin cp sin e - sin A cos e] 
Py 
i P  
+ Pn cos cp cos 0 + 3 P E 
z G P  
= V cos A COS cp + -vPZ P 
- - 
Designating the  v e l o c i t y  of the  satel l i te  as 
components r e f e r r e d  t o  the same i n e r t i a l  frame are derived from 
i.e.,  Vs = S, the 
S '  
. - -  2 H = vs - - 2 [ s in  E - Ji - e cos E r 
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where n = mean angular  r a t e  of the  s a t e l l i t e  ( i . e . ,  2n divided by the  
per iod)  and the components of and 4 a r e  given above. 
A t  t h i s  po in t  E q .  (6b) can be w r i t t e n  i n  s c a l a r  form f o r  computing 
range r a t e  i n  terms of  the s c a l a r  q u a n t i t i e s  l i s t e d  above. 
9 
[r2 + r2 + r21z 
x Y ZJ 
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Appendix C 
EVALUATION OF PARTIAT., DERIVATIVES 
This appendix is concerned with the determination of the partial 
derivative coetticients o t  the matrix of Eq. (Zf), which is repeated 
here with the h and terms omitted. 
Although the assumption of a rhumb-line course (A = constant and 
V = constant) leads to range and range-rate expressions which appear 
relatively simple, it was surprising that evaluation of the partial 
derivatives was so tedious and the resultant expressions so inordi- 
nately complex. 
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Further r e f l e c t i o n  shows t h a t  a rhumb-line course over a s p h e r i c a l  
e a r t h  represents  a r a t h e r  complex motion i n  three-dimensional i n e r t i a l  
space,  a s  i s  indicated by r e fe rence  t o  E q .  (7b) .  
Therefore,  i n  an e f f o r t  t o  s impl i fy  the d i f f e r e n t i a t i o n  i n  o rde r ly  
f a sh ion ,  the par t ia l  d e r i v a t i v e  expression w i l l  be broken down i n t o  p a r t s  
which may b e  more r e a d i l y  evaluated.  
The expression f o r  range i s  
where 
p a r t i a l  d i f f e r e n t i a t i o n  with r e s p e c t  t o  the v a r i a b l e s  of concern,  namely 
and s are the v e h i c l e  and s a t e l l i t e  p o s i t i o n s  r e s p e c t i v e l y .  By 
C p y  xl, A and v 
where 
and 
The range v e c t o r  7 may be expressed i n  terms of i t s  components, 
r r r s o  t h a t  x’ y ’  z 
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The qi represent the four parameters cp,  A, A, V at time t 1' 
for the sake of generality, subscripts which indicate a particular 
(Note that 
time have been dropped except where they are needed to clarify the 
derivation of the partial derivatives.) 
- 
The r components, r r and r z y  in turn are each functions of xy y' 
the x, y, z components of vehicle and satellite position (see Eq. (5b)). 
Since the satellite position is not a function of the variables qi, 
then - = 0 ,  and the partial derivatives involving terms in need 5 
asi 
not be considered. Thus 
We m a y  now write 
5 2  
- 
The veh ic l e  p o s i t i o n  a t  t i m e  tn and, hence,  P 
v a r i a b l e s  cp X , A ,  and V a t  t i m e  t Moreover, t he  components of 
are expressed i n  terms of the  i n e r t i a l  coordinates  cp and 0 . There 
is  a func t ion  of t he  q n i 
1’ 1 1’ n 
n n 
i s  a simple coordinate  t ransformation from these  i n e r t i a l  coordinates  
t o  the  r o t a t i n g  ea r th - f ixed  coordinates  (4 
termined t h a t  
and An. It i s  e a s i l y  de- n 
and cp i s  i d e n t i c a l  i n  both systems. It i s  important t o  emphasize 
t h a t  the p o s i t i o n  coordinates cp 
t he  q .  parameters, ‘ply A1, A ,  and V a t  time t 
n 
and A n  a t  time t 
n n a r e  funct ions of 
1’ 1 
Thus, t h e  p a r t i a l  d e r i v a t i v e  c o e f f i c i e n t s  f o r  range are given i n  
terms of t h e i r  components as fol lows 
Now the  par t ia l  d e r i v a t i v e s  of range-rate  are  developed i n  
piecemeal fashion. Again, t he  s u b s c r i p t s  are dropped f o r  the sake of 
gene ra l i t y .  
From Eq. (6b) t h e  p a r t i a l  d e r i v a t i v e s  f o r  range rate a r e  given 
by 
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where are  the vehicle and satell i te velocity vectors, re- 
spectively, r i s  the range vector from the s a t e l l i t e  t o  the vehicle, 
and 7 P S - 
and r i s  the magnitude of  this  vector. On further breakdown note 
that  
The par t ia l  derivative for range r a t e  may be written as follows 
- - 
Term #2 
(VP - vs) + r 
- a ( v - v )  
r as, 1 Term X3 1: + - - '  J 
Examining Term fl, note that the par t ia l  derivatives have already 
been determined. Therefore, we may write 
, 
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1 
r 
Term #1 = - 7 [ (Vpx 
. Using a (7) ai Considering Term 112, t h e  p a r t i a l  d e r i v a t i v e s  are 
preceding r e s u l t s  f o r  - ar , w e  may determine t h a t  ai 
Term #2 can now be w r i t t e n  as 
1 
Term #2 = - r [(Vpx - Vsx), (Vpy - Vsy>, (Vpz - Vsz)] 
Term #I3 involves p a r t i a l  d e r i v a t i v e s  of t h e  v e l o c i t y  expressions.  
Again note t h a t  t he  s a t e l l i t e  v e l o c i t y  i s  n o t  involved h e r e  s i n c e  it 
i s  n o t  a funct ion of the q .  parameters, ql, X1,  A ,  V .  
r i v a t i v e s  of the expressions f o r  v e h i c l e  v e l o c i t y  need be considered. 
Only p a r t i a l  de- 
l 
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Moreover, f o r  the purposes of t h i s  computation, changes i n  v e h i c l e  a l -  
t i t u d e  a r e  neglected as they a r e  n o t  considered t o  be of p r a c t i c a l  
s ign i f icance .  The v e h i c l e  ve loc i ty  i s  a d i r e c t  funct ion of a l l  four  
parameters which may in t u r n  be  functions of 2ach o ther .  Therefore,  
Now Term #3 i s  w r i t t e n  in terms of i t s  components 
1 
Term #3 = ; ( r x ,  ry, r,) 
Having formed the three  terms it is  a simple ma t t e r  t o  combine 
them t o  express the p a r t i a l  der iva t ives  of range r a t e s  in terms of 
t h e i r  components. 
56 
P a r t i a l  Derivat ives  of Range and Range Rate 
P a r t i a l  d e r i v a t i v e s  of range with r e spec t  t o  the components of T: 
r 
P a r t i a l  d e r i v a t i v e s  o f  t he  components of 7 w i t h  r e s p e c t  t o  cp and e:  
(Note again that = P i s  considered constant . )  
aPx -= P(- s i n  'p cos 0 )  
acp 
- -  - P(- s i n  cp s i n  e)  apY 
acp 
- -  - P cos cp apz 
arp 
apx -= P(- cos cp s i n  0 )  39 
- -  - 0  3pz ae 
P a r t i a l  d e r i v a t i v e s  of the components of fT wi th  r e s p e c t  t o  cp:  P 
- -  - V(- cos A cos €I cos cp) + Pn (s in  0 s i n  cp) aVpx 3cp E 
V(- cos A sin 9) avPZ 
ap 
- =  
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P a r t i a l  d e r i v a t i v e s  of t h e  components 
V(COS A sin e sin cp - sin - =  av, ae  
= V(- COS A 
= o  
of wi th  r e spec t  t o  0: P 
A cos e)  - PnE(cos e cos cp) 
cos 0 s i n  cp - s i n  A sin 9) - PnE(C0S cp sin e) 
Part ia l  d e r i v a t i v e s  of the  components of fi with  r e spec t  t o  A: P 
-=  V(sin A cos 8 s i n  cp - cos A sin e) aA 
- =  V(- sin A cos cp) 
aA 
Pa r t i a l  d e r i v a t i v e s  of t he  components of is’ with r e s p e c t  t o  V: P 
avpx 
av - =  (- COS A COS 0 sin - sin A sin e )  
av 
2 = (- cos A sin e s i n  cp + sin A cos e) av 
- =  (cos A cos cp) av 
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(Note t h a t  i n  the  components below, t h e  s u b s c r i p t  n o t a t i o n  i n d i c a t e s  
t h e  va lue  a t  t i m e  t .) n 
P a r t i a l  d e r i v a t i v e s  of cpn wi th  r e s p e c t  t o  cp 1' hl' A, V: 
n =  1 
Wn - tl> a'p, on - tl> 
- -  - -  s i n  A, - - cos A n = 2 ,  3 ,  4 ,  ... aTn P a A  P a V  
P a r t i a l  d e r i v a t i v e s  of A n  with r e s p e c t  t o  'pl, h l ,  A,  V: 
- 1  - -  a h n
all 
- -  ahn - t a n  A ( s e c  cpn - s e c  cpl) 
a% 
n = 1, 2 ,  3 ,  ... 
n =  1 
n = 2 ,  3 ,  4 ,  ... 
n = 2 ,  3 ,  4 ,  ... 'yn - + t a n  A s e c  'p 'n - '1 - =  
a A  s i n  A cos A n a A  
a 'Pn - t an  A sec  'p -- -  ahn av n av n = 2 ,  3,  4 ,  ... 
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Partial derivatives of A with respect to hl, A, V: 1’ 
Partial derivatives of V with respect to cp 1’ AI’  A, v: 
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